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a b s t r a c t
Let G be a refinement of a star graph with center c . Let G∗c be the subgraph of G induced
on the vertex set V (G) \ {c or end vertices adjacent to c}. In this paper, we completely
determine the structure of commutative zero-divisor semigroups S whose zero-divisor
graph G = Γ (S) and S satisfy one of the following properties: (1) G∗c has at least two
connected components, (2) G∗c is a cycle graph Cn of length n ≥ 5, (3) G∗c is a path graph
Pn with n ≥ 6, (4) S is nilpotent and Γ (S) is a finite or an infinite star graph. For any finite
or infinite cardinal number n ≥ 2, we prove that for any nilpotent semigroup S with zero
element 0, S4 = 0 if Γ (S) is a star graph K1,n. We prove that there is exactly one nilpotent
semigroup S such that S3 6= 0 and Γ (S) ∼= K1,n. For several classes of finite graphs G
which are refinements of a star graph, we also obtain formulas to count the number of
non-isomorphic corresponding semigroups.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Recall that a simple graph G is called a refinement of a connected simple graph H if V (G) = V (H) and a− b in H implies
a− b in G for all distinct vertices of G, where a− bmeans that a 6= b and a is adjacent to b. For any vertex c in a graph G, let
G∗c be the subgraph of G induced on the following vertex set
V (G) \ {u ∈ V (G) | u = c or u is an end vertex adjacent to c}.
In this paper, we adopt the graph-theoretic notations from [5]. For notions and results about commutative semigroups, we
use [9] as a basic reference. Throughout this paper, a semigroup S is assumed to be commutative with a zero element 0,
where 0S = {0}, and every non-zero element is a zero-divisor.
Recall that the zero-divisor graph of a semigroup S (or of a ring), denoted by Γ (S), is a simple undirected graph. The
vertices are the nonzero zero-divisors of S, and there is an edge linking u and v if and only if u 6= v and uv = 0 (for details,
see, e.g., [4,3,8,12,1,2,6,13]). In [6, Theorem 3(3)], it was observed that any refinement of a star graph has a corresponding
semigroup. Recently, in a preprint [7, Proposition 3], it was proved that if in G = Γ (S) there is a cut vertex c ∈ V (G) such
that G∗c has at least two connected components, then G is a refinement of a star graph with a center c and c2 = 0. Thus in a
refinement G = Γ (S) of a star graph with a center c , if c2 6= 0, then either G is a star graph or G∗c is connected. Hence the
category of semigroups S whose graphs Γ (S) are refinements of star graphs can be decomposed into the following three
disjoint subcategories:
(1) The category of semigroups S such that Γ (S) is a star graph. In this case, there is no general restriction on c2.
(2) The category of semigroups S such that Γ (S)∗c has at least two components, where c is the center of Γ (S). In this case,
c2 = 0.
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(3) The category of the semigroups S such that Γ (S)∗c 6= ∅ and Γ (S)∗c is connected, where c is a center of Γ (S). In this
case, we will show that there is no general restriction on c2. If one assumes c2 6= 0, then the induced subgraph Γ (S)∗c is
itself a zero-divisor graph of some zero-divisor semigroup.
Another fact is that if we use Cn (Kn, Pn, respectively) to denote the cycle graph (respectively, the complete graph, the
path graph) with n vertices, then Γ (S) = Cn + K1 (or Γ (S) = Pn + K1) implies c2 = 0, where K1 = {c} and n ≥ 5,
since otherwise Cn (respectively, Pn) would have corresponding zero-divisor semigroups for some n ≥ 5. This fact follows
immediately from [7, Theorem 1]. It also follows from [6, Theorem 1] together with Lemma 2.11 of this paper.
In this paper, we study the correspondence between commutative semigroups and refinements of star graphs. We focus
our attention on the above mentioned c2 = 0 case. We completely determine the above mentioned second subcategory,
andwe completely determine the correspondence between the category of semigroups and the category of refinements G of
star graphs, such that G∗c has more than one connected component. We also study properties of semigroups S whose graph
Γ (S) is a refinement of a star graph, such that G∗c is connected. Among our main results, three classes of graphs are shown
to have the property that their corresponding semigroups S have the property that S3 = 0, S2 6= 0. Another important class
of graphs, the star graphs K1,n in the first subcategory, is shown to have the following two properties: first, S4 = 0 if S is
nilpotent andΓ (S) ∼= K1,n. Second, for any finite or infinite cardinal number n ≥ 2, K1,n has (up to isomorphism) exactly one
nilpotent semigroup S such that S3 6= 0. With the aid of these structural results, we are also able to give counting formulas
in several finite cases.
Nowwe record two general facts about a commutative semigroupwith zero element (which need not to be a zero-divisor
semigroup) whose graph is a refinement of a star graph. The following result is a semigroup version of [3, Theorem 3.5]:
Theorem 1.1. For any semigroup S with zero element whose zero-divisor graph Γ (S) is not empty, let Z(S) be the set of zero-
divisor elements of S. Then Γ (S) is a refinement of a star graph if and only if either Z(S) is an annihilator ideal (and hence is
prime) of S, or Z(S) = A ∪ B, where A ∼= (Z2, ·), A ∩ B = {0} and both A and B are ideals of S.
Proof. ⇐H. If Z(S) = ann(c) for some non-zero element c , then c is a center with c2 = 0. In the other case, we have AB = 0,
and hence the non-zero element x in A is a center with x2 = x.
H⇒. Assume that G = Γ (S) is a refinement of a star graph with a center c and assume that Z(S) is not an annihilator
ideal. Then Z(S) \ {c} = ann(c), and in particular c2 6= 0. Since ann(c) is a maximal annihilator ideal of S, it is prime in S,
i.e., xy ∈ ann(c) implies that either x ∈ ann(c) or y ∈ ann(c). Nowwe claim that c2 = c. In fact, assume to the contrary that
c2 6= c. Since c2 ∈ Z(S) and c is the center, c3 = c2 · c = 0. Since ann(c) is a prime ideal of S, we have c ∈ ann(c). Hence
c2 = 0, a contradiction. Let A = {0, c}, B = ann(c). Then Z(S) is a union of A and B, where A ∩ B = {0}. It is obvious that B
is an ideal of S and A ∼= (Z2, ·). Finally, for any s ∈ S with sc 6= 0, if sc 6= c , then by assumption 0 = sc · c , i.e., sc = 0, a
contradiction. This shows that A is an ideal of S. 
Corollary 1.2. If G = Γ (S) is a refinement of a star graph, then either c2 = c for all centers c ∈ S or there is at least one center
c such that c2 = 0.
2. Refinements of star graphs with a unique center
For later convenience,we first introduce a new concept. Let S1 be any nonempty setwith a commutative binary operation.
If there is an element 0 ∈ S1 such that 0S1 = {0} and each nonzero element of S1 is a zero-divisor, then we call S1 a pre-
zd-semigroup. Associative pre-zd-semigroups are exactly the commutative zero-divisor semigroups. In a way similar to the
semigroup case, a pre-zd-semigroup S1 can be equipped with a zero-divisor graph Γ (S1).
We begin by constructing all zero-divisor semigroups, whose graph G is a refinement of a star graphwith a unique center
c, such that G∗c has more than one component, and there is no end vertex in G.
Lemma 2.1. Assume that S is a commutative zero-divisor semigroup and G = Γ (S) is a refinement of a star graph with center
c. Assume that there exist no end vertices adjacent to c. If G∗c has at least two components, then S2 = {0, c} and S3 = 0.
Conversely, for any disjoint union S = {0} ∪ C ∪ S1 of non-empty sets with a commutative binary operation such that
0S = {0} = CS, if S2 ⊆ {0} ∪ C, then S is a commutative zero-divisor semigroup whose graph Γ (S) is a refinement of a star
graph with centers containing C.
Proof. (1) Assume that S is a commutative zero-divisor semigroup and G = Γ (S) is a refinement of a star graph with a
unique center c. Assume that there is no end vertex adjacent to c. Assume that G∗c has at least two components. For any
u 6= v ∈ G∗c with uv 6= 0, if u and v are in different components of G∗c , say U and V respectively, then uv is adjacent to at
least one vertex from U and one vertex from V . Thus uv = c , and hence c2 = 0. If u and v are in the same component A,
then wemust also have uv = c . In fact, if uv 6= c , then uv ∈ A since uv is adjacent to at least one vertex in A. By assumption,
there is a vertex t in a component which is different from A. Then 0 6= t(uv) = (tu)v = cv = 0, a contradiction.
For any u ∈ G∗c , we have N(u) ∩ G∗c 6= ∅, where N(u) consists of all vertices of G adjacent to u. We assume u2 6= 0 and
assume that u is in the component A. Then take a vertex w from another component. Now consider the value of u2. First,
u2 6= u since u2w = uc = 0. For any v ∈ N(u) ∩ G∗c , we have either u2 = v or u2 ∈ N(v). If u2 = v, then from c = wu we
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Fig. 1.
Fig. 2.
obtain 0 = cu = wv, a contradiction. Then u2 ∈ N(v), and u2 ∈ A ∪ {0, c}. Since u2w = 0, we finally have u2 ∈ {0, c}. This
shows that S2 = {0, c}.
(2) Assume that S is a disjoint union of {0}, C and S1, where C 6= ∅. Assume that there is a commutative binary operation
on S such that
0s = 0 = cs, st ∈ {0} ∪ C,∀s, t ∈ S,∀c ∈ C .
Then S is obviously a commutative semigroup, and Γ (S) is a refinement of a star graph which has all elements of C as its
centers. 
Recall that a friendship graph (or a fan graph) is a graph like (
⋃
I K2) + K1. In the following, we denote this graph by F|I|.
For example, Fig. 1 is a friendship graph with |I| = 3:
Corollary 2.2. Assume that S is a pre-zd-semigroup, such that Γ (S) ∼= Fα for some finite or infinite cardinal number α ≥ 2.
Then S is a semigroup if and only if S3 = 0 and S2 = {0, c}.
Theorem 2.3. Assume that S = {0} ∪ {c} ∪ T ∪ S1 is a disjoint union of four nonempty subsets. Assume further that (S, ·, 0) is a
pre-zd-semigroup, whose zero-divisor graph Γ (S) is a refinement of a star graph with center c such that S1 = V (G∗c ) and G∗c has
at least two components. Then the following statements are equivalent:
(1) S is a commutative zero-divisor semigroup.
(2) S21 = {0, c}, T 2 ⊆ {0, c}, c2 = 0 and ts1 = c holds for all t ∈ T , s1 ∈ S1.
(3) S3 = 0 and S2 = {0, c}.
Proof. (1) H⇒ (2): Assume that S is a semigroup. Let V ,U be two distinct connected components of G∗c . For any vertices
v ∈ V , u ∈ U and t ∈ T , consider in Fig. 2 a subgraph of G:
By [6, Theorem 4], S \ T is an ideal of S. Thus uv = c, c2 = 0 and S21 = {0, c} by Lemma 2.1. Also,
tu ∈ (S \ T ) ∩ N(u) ⊆ U ∪ {0, c},
where N(u) stands for the neighbors of u and N(u) = N(u) ∪ {u}. Hence tu = c since (tu)v = t(uv) = tc = 0. This shows
that tu = c for any t ∈ T , u ∈ G∗c = S1.
Now that t2u = tc = 0, we have t2 ∈ {0} ∪ N(u). Similarly, we also obtain t2 ∈ {0} ∪ N(v). Thus t2 ∈ {0, c}. Finally, for
any distinct t1, t2 in T (if they exist), we have (t1t2)u = t1c = 0. Thus t1t2 ∈ N(u) ∩ N(v), and hence t1t2 = c. This shows
T 2 ⊆ {0, c}. The equality holds whenever |T | ≥ 2.
(2) H⇒ (1): By the assumptions, one has S3 = 0. Thus the associative law holds in the zero-divisor pre-semigroup S,
and hence S is a semigroup.
(2) H⇒ (3): This is obvious since cS = 0.
(3) H⇒ (2): For any pre-zd-semigroup whose zero-divisor graph Γ (S) is a refinement of a star graph with a unique
center c , if Sn = 0 and Sn−1 6= 0, then it is easy to show that Sn−1 = {0, c}. 
Corollary 2.4. Let S be a commutative zero-divisor semigroup. If G = Γ (S) is a refinement of a star graph with center c and G∗c
has at least two components, then S2 = {0, c}, S3 = 0. In particular, each element of S has nilpotency index at most three.
In the following, we study the varied behavior of commutative zero-divisor semigroups S whose graph Γ (S) is a
refinement of a star graphwith a unique center c , such that eitherG∗c is connected orG∗c is empty (i.e.,Γ (S) is a star graph). In
this case, one could not expect general results like Corollary 2.4, as will be illustrated by the following results and examples.
We begin with the wheel graphs Cn + {c} together with end vertices adjacent to the center.
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Table 1
· a1 a2 a3 a4 a5
a1 a3 0 a3 c a3
a2 c 0 c c
a3 a3 0 a3
a4 0 0
a5 a3
Theorem 2.5. Let (S, ·, 0) be a pre-zd-semigroup whose zero-divisor graph Γ (S) is G = (Cn ∪ T ) + {c}, where n ≥ 5 and T
consists of end vertices adjacent to the center c (|T | ≥ 0). Then S is a zero-divisor semigroup if and only if S2 = {0, c} and S3 = 0.
In this case, c2 = 0.
Proof. We only need prove the only if part. Assume S is a semigroup. For any nonadjacent vertices x, y ∈ Cn, if x− z − y for
some z ∈ Cn, then there is a path u− x− z − y− v in Cn. In this case, xy ∈ ann(z) ∩ ann(u) ∩ ann(v). Thus xy = c. In the
other case, n ≥ 6 and Cn looks like the following
x− x1 − x2 − · · · − y− y1 − y2 − · · · − x.
In this case, xy ∈ ann(x1) ∩ ann(y1). Thus xy = c , and hence c2 = 0.
Consider x2 for any vertex x in Cn. Take a path y− x− z in Cn. Then x2 ∈ ann(y) ∩ ann(z). Thus the possible values of x2
are 0, c or x. If x2 = x, then take any vertex u ∈ V (Cn)which is not adjacent to x, and one obtains
c = xu = x2u = x(xu) = xc = 0,
a contradiction. Thus x2 ∈ {0, c} for all vertices x in Cn.
Now assume T 6= ∅. For any t1, t2 ∈ T and any x ∈ Cn, since (t1x)y = t1c = 0 holds for any y ∈ Cn, we have t1x = c.
Hence t1t2 6∈ Cn ∪ T since (t2t1)x = t2c = 0. Thus TS = {0, c}. Finally, S2 = {0, c}, and hence S3 = 0. 
Theorem 2.6. Let (S, ·, 0) be a pre-zd-semigroup whose zero-divisor graph Γ (S) is G = (P ∪ T )+ {c}, where G∗c = P and P is
a finite or an infinite path graph with |V (P)| ≥ 6. Then S is a commutative zero-divisor semigroup if and only if S2 = {0, c} and
S3 = 0. In this case, c2 = 0.
Proof. We only need prove the necessary part for |V (P)| = 6, since the other cases are similar (notice that |T | could be any
cardinal number). Assume that S = {0, c, ai | 1 ≤ i ≤ 6} ∪ T is a semigroup such that Γ (S) ∼= (P6 ∪ T )+ K1 with G∗c = P6,
where K1 = {c}. Assume further that ai − ai+1 for all 1 ≤ i ≤ 5.
(1) Consider first a1a6. Since a1a6 ∈ ann(a2) ∩ ann(a5), we easily obtain a1a6 = c. Thus c2 = 0, a21a6 = 0, and therefore
a21 ∈ ann(a2) ∩ ann(a6). Thus a21 ∈ {0, c}. By symmetry, a26 has the same property.
(2) Now consider a1a3. The possible values of a1a3 are 0, c or a3. But if a1a3 = a3, then 0 = a21a3 = a3. Thus a1a3 = c and
a23 ∈ {0, c}.
In a similar way, one checks that aiaj ∈ {0, c},∀1 ≤ i, j ≤ 6.
Finally, since the verification of TS ⊆ {0, c} is similar to the corresponding part in the proof of Theorem 2.5, we omit the
details here. 
Example 2.7. For n ≤ 5, the conclusion in Theorem 2.6 does not hold. In fact, let S = {0, c, ai | i = 1, 2, . . . , 5} and define
a commutative binary operation in S by 0S = 0, cS = 0 and Table 1.
Then it is routine to check that S is a semigroup such that Γ (S) = P5 + K1. Notice that S2 = {0, c, a3} and there exist
in S both nilpotent elements and idempotent elements. Also, let Ii = {0, c} ∪ {ar | 1 ≤ r ≤ i}. Then Ii is an ideal of S with
Γ (Ii) = Pi + K1 for i ∈ {3, 4}.
Example 2.8. For the wheel graphs G = Cn + K1 with n ≤ 4, the result in Theorem 2.5 does not hold. In fact, let
S = {0, c, a1, a2, a3, a4} and define a partial order ≤ in S such that 0 is the least element of S and a1 ≤ a3, a2 ≤ a4.
Then (S,∧) is a semilattice with wheel graph C4 + K1 = W1,4. On the other hand, it is trivial to construct semigroups S
such that Γ (S) = G and S3 = 0. Actually, a calculation shows that C4 + K1 has 17 mutually non-isomorphic zero-divisor
semigroups: 3 such that c2 = c , 14 such that c2 = 0. The wheel graphW1,3 = C3 + K1 is just the complete graph K4, and it
is known that K4 has 12 mutually non-isomorphic zero-divisor semigroups.
Example 2.9. For any commutative zero-divisor semigroup S1, take any c, t 6∈ S1 and let S = {c} ∪ {t} ∪ S1. Extend the
multiplication in S1 to S by the following
c2 = c, t2 = t, c(S \ {c}) = 0, tx = x, ∀x ∈ S1.
Then S is a commutative zero-divisor semigroup and Γ (S) is a refinement of a star graph. Also, Γ (S) has a unique center c
and an end vertex t adjacent to c. G∗c = Γ (S1) whenever Γ (S1) is connected. Notice that there exist idempotent elements
in S. Furthermore, if we take S1 such that Γ (S1) = Cn + K1 with n ≥ 5, then S31 = 0.
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Table 2
· a1 a2 a3 a4 a5
a1 a1 0 0 a1 0
a2 a2 0 0 a2
a3 a3 0 a3
a4 a4 0
a5 a5
Example 2.10. Let S = {0, ai | i = 1, 2, . . . , 5}. Define a partial order in S such that 0 is the least element and
a1 ≤ a4, a2 ≤ a5, a3 ≤ a5.
Then (S,∧) is a semilattice. Take some c 6∈ S and trivially add c to S to obtain a larger semilattice S1. On the other hand, if
we extend the multiplication in S to S1 by defining cS = Sc = 0, then S1 is also a semigroup with c2 = 0 and s2 = s for all
s ∈ S. In both cases, G = Γ (S1) is a refinement of a star graph, and it has a unique center with no end vertex. (Notice that
in either case, S is an ideal of S1, and G∗c is a slight refinement of C5: G∗c is obtained by adding two more edges a1 − a3 and
a2 − a4 to the cycle C5.) In Table 2, we list the multiplication table of S for the reader’s convenience.
Remark. The construction in Example 2.10 can be easily extended to any n ≥ 5 to obtain many semilattices S with the
property that Γ (S1) is a refinement of a star graph with n+ 1 vertices such that G = Γ (S1) has a unique center, but has no
end vertex.
Now let S be a semigroup cyclicly generated by a nilpotent element x. Assume further that xn = 0 and xn−1 6= 0 for
some n ≥ 3. Then Sn = 0, Sn−1 6= 0, and G = Γ (S) is a refinement of a star graph with a unique center. In fact, this graph
is formed by towers of star graphs each of which has a unique center. Consider the case for an odd number n, e.g., n = 7. Let
c1 = x6, c2 = x5, c3 = x4 and let G = G1,G∗c1 = G2, (G2)∗c2 = G3. Then each Gi is a star graph with a unique center ci, and
each Gi has exactly one end vertex xi adjacent to its center ci. For an odd n, the first layer of the star graph G is K1,1. For an
even number n, the first layer of the star graph G is K1,2. For such kinds of refinements of a star graph formed by towers
of the star graphs, we will show for an even number n that with mild additional condition, the structure of S is completely
determined by the structure on the vertices of the first layer of the star sub-graph. For this purpose, we first observe the
following fact:
Lemma 2.11. Assume that the disjoint union S1 = {0} ∪ {c1} ∪ S2 ∪ T1 is a zero-divisor semigroup, and assume that G = Γ (S1)
is a refinement of a star graph with a center c1 such that V (G∗c1) = S2 and T1 consists of end vertices. If c21 6= 0, then S2 ∪ {0} is
an ideal of S1.
Proof. By [6, Theorem 4], S1 \ T1 is an ideal of S1. Now for any x ∈ S2 and any s ∈ S1, if xs 6∈ S2 ∪ {0}, then xs = c1. Then
c21 = (c1x)s = 0, a contradiction. This completes the proof. 
Proposition 2.12. Let S = {ci, ti | 1 ≤ i ≤ n}∪{0} be a zero-divisor semigroup (n ≥ 2). Assume that G = Γ (S) is a refinement
of a star graph such that ck − cl, ci − tj hold for all k 6= l and all n ≥ j ≥ i ≥ 1. If t2n 6= 0 and c2i 6= 0 for all i, then G uniquely
determines the structure of S. In particular, S has a descending chain of ideals
{0} ⊆ Sn ⊆ · · · ⊆ S2 ⊆ S1 = S,
where Sr = {0, ci, ti | r ≤ i ≤ n}.
Proof. (1) First, if we define a partial order in S such that
tj < ti, cj < ti, ∀1 ≤ i < j ≤ n,
then S is a semilattice with Γ (S) = G.
(2) Conversely, assume in the semigroup S that
ck − cl, ci − tj, ∀k 6= l,∀n ≥ j ≥ i ≥ 1.
First, consider t1c2 which lies in ann(t2) ⊆ {0, c1, c2, t2}. Since c21 6= 0, we have t1c2 6= c1. Also t1c2 6= t2 since otherwise,
t21 6= 0 and t1c22 = 0. Then c22 = c1, and this will imply c21 = 0, a contradiction. This shows t1c2 = c2. In a similar way, we
verify t1cr = cr for all 2 ≤ r ≤ n. As a consequence, t21 6= 0. Hence t21 = t1. Also c21 = c1 since c21 6= 0 and c21 t1 = 0.
Now consider t1t2. Obviously t1t2 6= t1, c1, c2. We conclude that t1t2 6= tr , cr for all r ≥ 3. In fact, if t1t2 = t3, then
0 = t3c3 = (t1t2)c3 = t2(t1c3) = t2c3 6= 0, a contradiction. If t1t2 = c3, then t1t2t3 = 0, and hence t3t2 = c1. Then c21 = 0,
another contradiction. Therefore we must have t1t2 = t2. In a similar manner, we also deduce that t1tr = tr for all r ≥ 3. In
conclusion, we already have
c21 = c1, t21 = t1, t1tr = tr , t1cr = cr , ∀r ≥ 2.
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By Lemma 2.11, V (G∗c1) ∪ {0} is an ideal of S. In particular, it is a zero-divisor semigroup. Since G∗c1 ∪ {0} = {ci, ti | 2 ≤ i ≤
n} ∪ {0}, one can repeat on G∗c1 ∪ {0} the above discussions to prove the following equality
c22 = c2, t22 = t2, t2tr = tr , t2cr = cr , ∀r ≥ 3.
Continue this process until we come to the ideal Sn = {0, tn, cn}. By assumption, tncn = 0, t2n 6= 0 and c2n 6= 0. In this case,
it is easy to see that a2n = an, c2n = cn. This shows that S is a semilattice and S has a unique associative multiplication such
that
t2n 6= 0, c2i 6= 0, ck − cl, ci − tj, ∀k 6= l,∀1 ≤ i ≤ j ≤ n.
This is exactly the semilattice constructed in (1).
Finally, it is obvious that each Sr is an ideal of S. 
Despite the example proceeding Lemma 2.11, we have the following remarkable result:
Theorem 2.13. (1) If a nilpotent zero-divisor semigroup S has a star graph Γ (S), then S4 = {0}.
(2) For any finite or infinite cardinal number n ≥ 2, there exists (up to isomorphism) exactly one nilpotent semigroup S = S(n)
such that S3 6= 0 and Γ (S) = K1,n.
Proof. (1)We assume that c ∈ S is the center ofΓ (S). Then cS = 0. Now suppose to the contrary that there exists an integer
n ≥ 5 such that Sn = 0, Sn−1 6= 0. Then from
S2 · Sn−2 = 0, S2 ⊃ Sn−2 ⊃ Sn−1 = {0, c},
we have b ∈ Sn−2 \ {0, c}, a ∈ S2 \ {0, c, b} such that ab = 0. This is impossible. Thus S4 = 0. Obviously, S4 = 0 implies
S3 ⊆ {0, c}. If |Γ (S)| ≤ 2, then it is easy to see S3 = 0.
(2) Assume that S = S(n) is a nilpotent semigroup such that S(n)3 6= 0 and Γ (S(n)) = K1,n, where |S(n)| = n + 2 and
c ∈ S is the center. We first make several general observations.
First, for any a ∈ S, a4 = 0 since S4 = 0.
Second, for a 6= b ∈ S \ {0, c}, if ab 6= c , then we denote ab = d. We conclude
a2 = b2 = d, da = db = c, d2 = 0.
In fact, obviously we have d 6∈ {0, a, b, c}. Then a2 6= 0, c, a since a2b = ad 6= 0. We assert a2 = d. In fact, if a2 = e 6= d,
then 0 = a3b = a2 · ab = ed 6= 0 since S4 = 0 and e, d 6∈ {0, c}, a contradiction. Hence for a 6= b ∈ S \ {0, c}, ab = d 6= c
implies a2 = d = b2. Furthermore, ad = a2b = db and d2 = a4 = 0. Finally, from 0 = da · a and da · b = d2 = 0, we obtain
da = c.
Third, for distinct a, b, e ∈ S \ {0, c}, if d = ab 6= c and be 6= c , then from the second observation, we have
d = ab = b2 = be = e2 and de = abe = ad = c.
(2.1)We now prove the uniqueness of such nilpotent semigroups S = S(n)with Γ (S) = K1,n if they exist, where c ∈ S
is the center vertex. If n = 2, the result is obvious. In the following, assume n ≥ 3 (i.e., |S| ≥ 5). Assume further that
S2 ⊇ {0, c, d} for some d 6= 0, c , and consider d ∈ S2.
First, we claim that there exist a 6= b ∈ S \ {0, c, d} such that ab = d. If this is not the case, then there exists one element
a ∈ S \{0, c, d} such that a2 = d. For any such a, we have a3 = c . Now take any b ∈ S \{0, c, d, a}, and consider ab. If ab = c ,
then we have db = a2b = ac = 0, a contradiction. If e = ab 6= c , then we obtain de = a3b = 0, another contradiction.
Now assume ab = d for some fixed pair a 6= b ∈ S \ {0, c, d}. By the second observation, we already have b2 = d. Thus
there is no e ∈ S \ {d} such that be = c . Finally, the following unique, possibly associative, multiplication in S such that
Γ (S) ∼= K1,n follows from the third observation:
0S = 0 = S0, cS = Sc = 0, d2 = 0, dx = c, xy = d, ∀x, y ∈ S \ {0, c, d}. (**)
(2.2) We can now easily prove the existence of such semigroups, since it is routine to verify that the multiplication
defined in S = S(n) by (**) is associative, where n ≥ 3. Actually, one only need verify the n = 2, 3, 4 cases since the
n ≥ 5 cases are trivial extension of the n = 4 case. For n = 2, let S = S(2) = {0, c, a, d}, and define in S a commutative
multiplication by d2 = 0, da = c, a2 = d and 0S = 0 = cS. The verification for the associativity of Tables 3–5 can also be
done easily with the aid of a computer.
This completes the proof. 
3. Counting semigroups
Let f (n) be the number of the partitions n = n1 + n2 + n3 of the integer n, where ni ≥ 0. For n ≥ 1, it is easy to see that
f (n) = 1+ 2+ · · · + (n+ 1) = (n+1)(n+2)2 .
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Table 3
· a d
a d c
d c 0
Table 4
· a b d
a d d c
b d d c
d c c 0
Table 5
· a b d e
a d d c d
b d d c d
d c c 0 c
e d d c d
Lemma 3.1. For any n ≥ 2, there are (n+1)(n+2)2 mutually non-isomorphic zero-divisor semigroups whose zero-divisor graph is
the friendship graph Fn.
Proof. Assume Γ (S) = Fn, in which c is the center and ai − bi, 1 ≤ i ≤ n. By Corollary 2.2, we have
c2 = 0, aibj = c, a2i = 0 or c, b2j = 0 or c, (∀i 6= j).
By Corollary 2.2 or Lemma 2.1, {a2i , b2i } could be one of the following: {0, 0},{0, c} and {c, c}. Let n1, n2, n3 be the numbers
of {ai, bi} such that
{a2i , b2i } = {0, 0}, {0, c}, {c, c}
respectively. By Corollary 2.2, two zero-divisor semigroups with graph Fn are isomorphic if and only if they have the same
vector (n1, n2, n3), where n1+n2+n3 = n and ni ≥ 0,∀i. Thus the graph Fn has f (n)mutually non-isomorphic corresponding
zero-divisor semigroups. 
Theorem 3.2. Let G be the friendship graph Fn together with m end vertices adjacent to its center, where n ≥ 2,m ≥ 0. Then
there are (n+1)(n+2)(m+1)2 mutually non-isomorphic zero-divisor semigroups whose zero-divisor graph is the graph G.
Proof. We use the notation in Theorem 2.3. By Theorem 2.3, S1 is a zero-divisor subsemigroup of S, tu = c for all
t ∈ T , u ∈ G∗c and T 2 ⊆ {0, c}. Thus the semigroups are uniquely determined by the sub-structure of S1 and the number of
t ∈ T such that t2 6= 0. Then the result follows from Theorem 2.3 and Lemma 3.1. 
In the following theorem which is a generalization of Theorem 3.2, we again use Kr to denote the complete graph with r
vertices. We use
⋃
mr Kkr to stand for a disjoint union ofmr complete graphs with kr vertices.
Theorem 3.3. Let H =⋃sr=1(⋃mr Kkr−1) be a disjoint union of complete graphs, where k1, . . . , kr are distinct positive integers
greater than two. Let G = H∪T+K1, where K1 = {c}, |T | = t and G∗c = H. If H has at least two components, then the number of
mutually non-isomorphic zero-divisor semigroupswhose zero-divisor graph is isomorphic to the graph G is (t+1)∏sr=1 Ckr−1mr+kr−1.
Proof. By Theorem 2.3, Lemma 3.1 and Theorem 3.2, it is only necessary to prove the case of s = 1, t = 0. By the proof of
Lemma 3.1, that number is the number of the following partitions of the fixed numbermr
x1 + x2 + · · · + xkr = mr , xi ≥ 0,∀i.
Finally the result follows from a standard result in combinatorics. 
Theorem 3.4. For any finite integer n ≥ 5 and any finite set T , let G = (Cn ∪ T )+ {c} be a graph with G∗c = Cn, where Cn is the
cycle graph with n vertices. Then G has (|T | + 1)fn(2)mutually non-isomorphic corresponding zero-divisor semigroups, where
fn(2) = 12n
∑
pi∈Dn
pi is of type
1t1 2t2 ···ntn
2t1+t2+···+tn ,
and Dn is the dihedral group of order 2n.
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Proof. Assume T = {t1, . . . , tr}, Cn = {a1, a2, . . . , an}. By Theorem 2.5, the structure of S = V (G) is completely determined
by two vectors (t21 , . . . , t
2
r ) and (a
2
1, . . . , a
2
n), where {a2i , t2j } ⊆ {0, c}. We only need consider the case T = ∅. Let
A = {1, 2, . . . , n}, B = {0, c}. Then the number is the number of orbits of the dihedral group Dn operating on the set
F = {all maps from A to B}.
By the Pólya Enumeration Theorem (a special case), it follows that the number fn(2) is a polynomial of 2whose non-negative
coefficients are uniquely determined by properties of elements of the dihedral group Dn:
fn(2) = 12n
∑
pi∈Dn
pi is of type
1t1 2t2 ···ntn
2t1+t2+···+tn .
For example,
f6(2) = 112 (2
6 + 3× 24 + 4× 23 + 2× 22 + 2× 2) = 13. 
Theorem 3.5. For any finite integer n ≥ 6 and any finite set T , let G = (Pn ∪ T ) + {c} be a graph with G∗c = Pn, where Pn is
the path graph with n vertices. Then there are (|T | + 1)g(n) mutually non-isomorphic zero-divisor semigroups whose graph is
isomorphic to G, where
g(n) =

1
2
(2n + 2 n2 ), if n is even
1
2
(2n + 2 n+12 ), if n is odd.
Proof. By Theorem 2.6, we need only consider the case T = ∅. Let
A = {1, 2, . . . , n}, B = {0, c}, F = {all maps from A to B}.
Consider the group generated by the reflection σ = (1, n)(2, n−1) . . . , and consider the natural operation of this group on
F . Then the number of orbits is the number of mutually non-isomorphic zero-divisor semigroups S with Γ (S) ∼= G. Again
by the Pólya Enumeration Theorem, the number is g(n), as is shown in the theorem. 
Theorem 3.6. For any finite integer n ≥ 2, the star graph K1,n has n+ 2mutually non-isomorphic nilpotent semigroups.
Proof. By Theorem 2.13, K1,n has exactly one nilpotent semigroup with S3 6= 0. The remaining case is S3 = 0, S2 = {0, c},
where c is the center. In this case, S is completely determined by the number of vertices whose square is c. This completes
the proof. 
Remark 3.7. By [15, Corollaries 2.13 and 3.7(3)], any finite or infinite two-star graph has neither corresponding nil
semigroups nor semilattices. It contrasts sharply with Theorem 3.6.
We end this paper by posing several general open questions:
(1) For a class C of semigroups (rings) with property (P), which classG of graphs has the property that each G ∈ G has a
unique S ∈ C such that Γ (S) ∼= G?
Obviously, Proposition 2.12 and Theorem2.13(2) provide answers to this general question. In [16, Theorem1], the authors
proved that the complete graph Kn, together with two end vertices (each links to a distinct vertex) has a unique zero-divisor
semigroup for all n ≥ 4. It also has been proved by the authors in [11, Theorem 4.2, Corollary 4.3] that Γ (R) has a unique
zero-divisor semigroup and a unique commutative ring, for each Boolean ring R with |R| ≥ 3 (also see [10, Theorem 4.1]
for the ring case). In [14, Proposition 3.1], the author proved that for any noncommutative ring R (here R need not have an
identity element), if the directed zero-divisor graph Γ (R) has both a sink vertex and a source vertex, then R is unique up to
isomorphism. [15, Example 2.6] also provides a positive answer to this question.
(2) Discover more classes G of graphs and classes C of semigroups such that Sn = 0, Sn−1 6= 0 for all semigroups S ∈ C
with Γ (S) ∼= G ∈ G (n = 3, 4, 5, . . .).
(3) Determine the structure of the semigroups in (2) and find the counting formula whenever possible.
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